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NATIONAL. ADVISORY COMMITTEE FOR AERONAUTICS

TECHNICAL MEMORANDUM NO. 906

FORCES AND MOMENTS ON A YAWED AIRFOIL*

By Sighard Hoerner

The author elaborates, within the rules and regula-
tions of the 1938 Prige Competition of the Lilienthal
Society for Aeronautical Research, the flow phenomena,
forces and moments on airfoils in yaw. The existing ex-
periments with straight wings (zero dihedral), wings with
dihedral, and wings with sweepback are evaluated within
the range of sound-angles of attack, explained dy calcula-
tions and generally enlarged.

SUMMARY

l. The total forces (cg and cy) are practically uan-
affected by vaw (up to T = 25°), The newly appearing lat-
eral force is derived for wings with and Without dihedral,

e

24 The rolling moments due to yawi&é which exert a
righting effect on straight airfoils (zero dihedral) in
contradiction to the calculations made up to the present,
are explained by a corner effect, an edge effect, and by
the dissimilar yawed flow of the two wing-halves. The
known wind-tunnel experiments are given in diagram form
8o that the rolling and yawing moments can be read from
figures 5 and 6.

3. Dihedral produces subsidiary rolling and yawing
moments due to yaw. The calculation of the rolling moment
is confirmed by measurement.

4. The yawing momenﬁs due to sweepback were computed.
Both yawing and rolling moments are confirmed by measurement.

5. Since the yawing moments due to yaw are often very
small, considerably zreater instrumental accuracy is re-
quired in order to achieve agreement between calculation
and measurement,

1"
*"grafte und Momente schrﬁgangestrgmter Tragflugel." Luft-
fahrtforschune, vol: 16, no. 4, April 20, 1939,
pp. 178-183.
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INTRODUCT ION

I. EFFECT OF YAWED FLOW ON TOTAL FORCES

The wing forces (total forces) are, in general, very
little altered by yawed flow. Thus, at angles of yaw up
to ¥r = 89 the 1ift and drag of a rectangular wing is
practically unaffected, according to the findings (refer-
ence 4), More than that, here - ag in reference (13},
figure 4 - the pitching moment is found to remaln practi-
cally unchanged up to angles of yaw of Y71 K39

an u

According to reference 10, the 1ift . OF larée span

wings decreases approximately as cos8 T, for constant an-
gle of attack. In the above case the 1ift would be 2.5
percent Iower at V¥ = 8%, according to thig caleulation.
But on a rectangular wing the fact that the wing diagonal
is turned transverse to the direction of flow, the span
facing the wind is at first slightly increased. The reduce-
tion computed at cos® 1. is therefore so much less on rec-
tangular wings as the chord is zreater. For A = 1 aspect
ratio (cirecular disk), there is no further reduction in
the span facing the wind. Only the angle of attack a is
changed to the amount of ~ cos 7. Hence for winsgs with
aspect ratios between 1 and around 5, the 1ift is propor-
tional to cos v %o cos?® 7, Heasurements affording fur-
ther information regarding it are not known,.

In yaved flow a subsidiary force occurs transverse to
the wind dircction. This force can be dealt with as .2 part
of the induced drag, according to figure 1. It is céi =
cwi sin 1. The force cgqy 1is toward the side of the for-

ward located wins tip, hence may be termed positive., In
other words:

c,2 gin
, - o4 Ca” SR T (1)

this lateral force is dependent on c¢,;2 and on the aspect
ratio. '

Figure 1 compares measurements from reference 6 with
the calculation. In Blenk's report (referencc 4), the lat-
eral force is in contrast to0o refearence 6, measurcd in the
direction of the lateral axis of the wing. With the aid
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of the concurrently measured drag forces, the measurements
~can be converted from ong. .refcrence direcction to.the .other,
The agrpement between the measurements arnd the calculation
is gatisfactory if the smallness of the involved forces is

taken into account. Thus a value of Cgi = 0,0l, corre—
sponding to the profiie drag of a good wing, is only
reached at around T = 10° and ¢z = 1.0. :

In span direction, only a component of the skin fric-
tion or profile drag can be applled. This lateral force

Cgp = = Cyp Sin T - - (2)

therefore, is like the profile drag; approximately unaf-
fected by e¢,, 1its direction is toward the rearward-lying

wing tip (negative).

The top porition of figuré 1 shows the Cep forces.

The blunt sides of the rectangular wings of reference 4

give naturally higher Can values in yvawed flow. The test

values (reference 4) are, in consequence, about three times
OCq

as high as the value ——g= = 0.,00026 computed from cgp =

0.015. o1

Sweepback induces no marked changes in figure 13 the
test points from refercnce 4 confirm this. 3But dihedral

causes an additional yawing lateral force (toward the back-
ward 1Vlnw wing tip). According to figure 2, S, =284 ©®

Or © Cgqwy = lbalm. For Asa the subsequently derived amount
T® (-——), is introduced.
ac ‘ ' ‘
cpa a . (z)
This lateral force acts toward the backward lvlng wing tip
(negative).

Theory and measurement are compared in flgure 2. In

' ac,, .”a o2 aca .
the calgzlatlon of the curve 370 = 180% 3.0’ a. mean
value <==— = 14° was substituted for the experlmental as—_

GLPY
‘pect ratios A = 5 and 6. The: measurements indicate aboul
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82 percent of the theoretical values; the agreement is good
(quadratic rise with dihedral). The independence of g

is also confirmed (reference 6),
I¥, ROLLING MOMENTS DUE TO YAVZING OF STRAIGHT WINGS

Blenk (reference 1) and Veinig (reference 2) attempted
to compute the rolling moment in yawed flow on a straight
wing (zero dihedral)., Physically their calculation is to
the effect that through the 1ift of the forward lying half
according to figure 3, a certain upwind (reduced dowawash)
is induced at point 1 of the rear half of the wing. A%
point 2 on the forward half the flow is, on the other hand,
more stirongly deflected downward because the induction on
the part of the rear half is small, From the correspond-
ing distribution of the induced angle over the span of the
wing follows a rolling moment which tends to turn the wing
down toward the forward side 2. TFortunately, this aerody-
namically undesirable rolling moment does not occur in re-
ality. The wind-~tunnel measurements discussed elsewhere
indicate -~ contrary to the single statement in reference
3 —~ agreeable positive rolling moments due to yaw, wheredby
the aerodynamically desired rigating sense of rotation is
counted positive,

In the range of sound angles of attack (up to a =
16°), the rolling moment measurements (references 4 to 7)
indicate an increase over the 1ift coefficient (or angle of
attack) which, for practical purposes, at least, may be
dealt with as a straight line:; hence the rise aCL/BCa in
figure 4. Up to about 25° angle of yaw the measurements
likewise indicate a practically linear distribution over

the angle of yaw; hence the subsequent'plottingvof == =
according to figure 5 is justified.

The rolling moment due to yawdmg about a circular wing

(aspect ratio A = 1) can be mathematically defined. The
angle of attack of the circular disk of figure 4 would be-
come zero at T = 90°, TFor practical purposes the defini-

tion of constant ¢, in yawed flight is more fitting.
Therefore the circular disk is to be so turned as to pre-
sent a constant angle of attack to the direction of flow at
all angles of yaw. In accord with this definition, the 1lift
is always applied at the median axis of the circular disk
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and the rolling moment due to- yawing referred to the wind

- axis X becomes Zero- while, referred to, the x'!'.axie, it
gives a positive ‘moment value. . According to figure 4, the
1ift is applied at near t/3 (Jour. of the Aero, Sc1ences,
vol, 4, 1937, p. 499) from tho momentary forward point of
the wing. Accordingly, the rolling moment referred to the
X! axis is L = A % 0.2 ¢t sin 7T, its coefficient ey =

L . .
EE X 045 b = 0.4 Cy 8in T and the derivation

. o . o cular
_a_E.L. = 0.4 sin T C~I:’|sf\’? (4)
aCa .

rlotted in figure 4. . This rolling moment is positive,
ieew, righting, For T = 90°, +the rolling moment can
equally be computed for other aspect ratios. If referred
to wind axis x, it again yields zero; if to wineg axis x,

it i1s equal to the longitudinal moment of a wing of rec1p-
rocal aspect ratio l/% at T = 0°. The point of appli-
cation of the air force is again assumed at 0.3 of the

span b, and the result is as for the circular wing,

ey = 0.4 Cqyi acL/aca = 0.4, With the oxception of the cir-

cular wing, the calculatlon at other angles of yaw is not
very easye But the obitained points in figure 4 are very
useful for purposes of extrapolation. The steep ascent
of the curves at T = 60° to 70° indicates that here the
rear wing half rises, so to say, from out of the tip vor-
tex up current of the forward half and into its downwash
ZONE, -

The rectangular wings manifest throughout substantial-
ly grcater rolling moments due to yawise than the rounded
wings. Figure 3 explains this as follows: the wing span
on the forward tip is increased by the rear corner 3. At
the rear tips the forward profile portions lose the rear
portions 4 necessary to produce the circulation. This
corner effect is particularly noticeable on wings of small
aspect ratios. Hence the curve for A = 1 obtained from
the circular wing calculation is exceeded by about 60 vper-
‘cent on the measured rectangular wings (fig., 4); at A = o
the corner effect is proportionally zero. Consequently,
'the extrapolation of the two curves in figure 5 to . l/k =
O "yields one and the same p01nt. o

k]

This corner effect is not solely respon31ole for the
positive sign of the rolling moments due to yaw, as proved
on a wing, the gides of which had been beveled in the di-
‘reetion of a 20° angle of gideslip,., The values of the wind-
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tunnel measurements plotted in figure 4 are mostly referred
to wind axis x. Theylcan be reduced approximately to the
x! axis; it is ,Eéf_i_ﬁéﬂigﬂﬁald wherein f = wing axis,
w = wind axis. Up to about 20° angle of yaw, the difference
of the two reference types is, according to figure 4, sec~
ondary for the recorded aspect ratios of A 2 5. For A =1,
this conversion is no longer applicable - not even approx—
imately.

. ey, 1 .
Figure 5 shows the values === 37 of figure 4 for
dcg OT

small angles of yaw (7 € 250) plotted against aspect ra-

tioe The experiments made at A\ = 5 and 6 manifest sub-
stantially smaller rolling moments than computed for the
circular wing. This evidently is the effect referred to
by Blenk and Weinig, according to which a negative rolling
moment is to be expected in yaw as a result of the local
angle of attack distridution. For A = ~ 20, the rolling

moments actually are negative to the extent that the ef-
fected extrapolation may be adduced as proof.

In yaw the 1ift distribution is perceptidbly shifted
toward the forward wing tip. From the pressure distribu-
tion measureménts of reference 7, at T = 200, +the 1ift
is symmetrically distributed over the span at ca = O.1l.

At ¢y = 0.3, there is a 1ift concentration on the forward

tip of the wing, and a 1ift decrease on the rear tip. At
c, = 1, the edge of the forward tip discloses a distinct

1if% concentration caused by flow around the edge. (See
point 5, fig. 3.) Hence the forward tip 1s subjected to a
flow around its leading edge as well as its sides. The

'form of the wing tip and of the lateral edge therefore,

ihas, quite comprehensibly, a noticeable effect on the size
of the rolling moments due to yawing. -Logically, this

edge effect is more pronounced at small aspect ratios; the
effect 1s proportionally so much less as the span is greater.

A further reason for the existence of the positive
rolling moments may finally be found in the deformation of
flow in angle-of-attack direction as well as laterally.
According to figure 3, the flow is deflected from the for-
ward half 6 toward both sides. As a result of it the flow
on the wing profiles of the forward half is a little less;
on the rear half, a little more yawed, 7. Correspondingly,
the 1ift on the forward wing is increased; on the rear, re-
duced. The rolling moment due to yawing therefore stems
from several sources: from the mathematically known induc~—
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tion effect, the corner effect associated with: the plan’/of
the wing, the flow around the-edge associated with - the as-
prect ratioco, and the lateral dissimilarity of the yawed
flow. Lastly, the dissimilar formation of the boundary
layer itself may cause a change in rolling moment. Only
the induced amount is negative. ."The other positive ones
are preponderate at aspect ratios up to A = 20,

%

III. YAWING MOMENT DUE TO YAWiEG OF

STRAIGHT WINGS {ZERO DIHEDRAL)

The rolling moment is the result of a difference in
lift between the left and right halves of the wing. As
the locally induced drag changes with the loecal 1ift, a
yawing moment is always causatively associated with a roll-
ing moment. In the present report, the righting moment
from an angle of yaw, in the sense of the fin of an air-
plane, 1s dealt with as positive yawing moment due to yaw.

For magnitude and aspect of a yawing moment, the ref-
erence system is essential., While in a wind system of
axes the drag forces produce the yawing moment exclusively,
in a body system of axes the tangential 1ift component is
also a heavy contributor. Reference 3 is, in this respect,
the only source clting positive yawing moments. All other
known wind-tunnel measurements are reported in a wind sys-
tem of axes. A change in angle of yaw is followed by a
change in rolling moment through shifting of the 1ift or
change in lift distridution. In this case {cg constant)
‘the yawing and the rolling moment change (in the zone of
-medium angles of yaws . T £ 259) nroportlonal to the angle
of yaw. o .

The yawing moment for the circﬁlaf wing is also read-
ily computable. It is zero ‘for all ¢, values if the ref-
" erence axis passeés through the center of the wing plan,
i.e.y t/2' for under the foregoing assumption (constant
cs ) the air force is-: always apnlled gymmnettrically - i.e.,

passmng through the center of the ‘circle. Placing the ref-~
erence axig throuch t/4 as frequently practiced in wind-
tunnel tests, yields a positive yawing moment, conformable

to figure 6. With the lever arm 0.25 sin 1, it affords

oy = g? 0.5 b = 0.5 cy sinﬂT. Introducing only the induced
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value c¢,®/mA for ¢, for reasons of mathematical sim~-
plicity, leaves for A =1 '
0.5 ¢, sin T

ch - kN (5)

For other ‘aspect ratios the yawing moment due to yaw (at
constant T) also has the tendency to increase with c¢,2%,

being the result of the change of local induced drag asso-
ciated with the local ¢ . Departures from this quadratic

course occur, among others, through the influence of the
profile drag. Thus the yawing moment due to yaw at ¢, =
0 has a small positive value according to various experi-
ments. According to reference 5, for instance, it is in

c
thig case g?% ~ 0.0001. By comparison, the righting yaw-~

ing moment produced with a conventional lateral control
system at 10° yaw, amounts to cyg *~ 0.7 and BCNS/BTO =

0.7. According to that, the above amount induced dy the
profile drag can be disregarded.

The values éEE *
, oT Jdcy?
ences 4 to 6 are shown in figure 6. The passing of the
plotted curve through the horizontal axis conforms to that
of figure 5. If the rolling moment is zero the yawing mo-
ment must be zero also, disregarding the slight profile
drag portion.

obtained from the data of refer-—

Since practically all experiments are referred to the
wind-~fixed normal axis passing at 0.25 t of the median wing
axis, a point computed according to equation (5) may be
plotted for A = 1. Two test points of reference 5 are in
little agreement with this computed point. Additional ex-
veriments at small aspect ratios will have to decide wheth-
er the calculation or the cited test points are preferabdble.
Thig guestion is not critical, however, since the yawing
moments of the wings are in general very small, being.of -
the order of magnitude of 1 percent of the prev1ously quot—
ed amount of the lateral control system.
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IV YAWING MOMENTS DUE . TO DIHEDRAL ANGLE

The calculation of the rolling moments due to yaw
cause by th$%d1hedral is known . (references 8 and 9). In yaw
the ¢ %mﬁﬁ&ai a given wing is geometrically increased
for the forward half of the wing and decreased for the
rear half, by an amount Oa = T (p = angle of dihedral).
To Ao corresponds

aca

Aca = & T ga—' " (6)

with 1b/4 as lever arm of the amounts of Alcy. Then the
rolling moment follows at
L Acy

L * 4F 0.5% o (7)

and the rolling moment due to yawing caused by the dihe-
dral angle at

Tp o€
CLv = ‘—ég a_&a (8)

the angles being expressed in radians.

The available measurements (references 4 and 5)..con-
firm the fact following from the derivation that the roll-
ine moment due to yawine caused by dlhedral ig not related
to c¢g»

_ In figure 7 the differences in rolling moment o1+
or their increase Jdcpy/dt due to dihedral are shown plot-

ted against the dihedral angle. The theoretical curve was
obtained with a mean value of da®/dcy, = 14° applicabdle

to the experimental. aspect ratios A = 5 and 6. The measg-
ured values reach only about 70 percent of the curve val-
des ~ due in part to the fact that in the calculatioan for
da/3dc,, the value of the wing in rectilinear flow had been.

used. Considering as onvosite extreme, the wing halves.
flying -separately and at half as zgreat an aspect ratio, the
computed curve in figure 7 is reduced by 19 percent. That
the lever arm with b/4 was too great is not likely, be-
cause edge and corner effecct act on great lever arms. The
remalnlnw difference between calculation and experiment is
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therefore again - due to the mutual induction of the two
half-wings disregarded in the calculation.

A yvawing moment is causatively associated with the
rolling moment through the change in induced drag. The
side of the wing pushed upward under the effect. of a posi-
tive rolling moment will, through its greater induced drag,
have a tendency to-stay behind. :

The supplementary rolling moment due to yawing caused
by the dihedral can be computed, according to Diehl (ref-
erence 9). It is on each half-wing

- 2
o (cy * ley) e, 2¢y Ac, + (Be,) (9)
Cwi < . - = e &

Subtraction gives the drag difference between one and the
other half at

2c,, dg,
Acwi = —”%—X—g (10)

With a lever arm assumed at b/4 the yawing moment
is

ey = = | (11)

Hence the yawing moment due to yawing caused by the dihe-
dral follows from (10) and (11) at

~a._ _..r _;; (12)

This yawing moment is, accordingly, proportional to
Cq s it is intimately related to the aspect ratio, accord-
ing to figure 8. TUnfortunately, the obtainable measure-
ments fall to confirm this moment qualitatively or accord-
ing to prefix. The sources (references 4 and 6) both indi-
cate -~ contrary to concept - a slight reduction of the yaw—
ing moment due to yaw as a result of the dihedral. Again
the smallness of the moments will be observed. They range
in the same order of magnitude as the yawineg moments due
to yaw of straicht wings. Additional experiments are nec-
essarye.
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V. YAWING MOMENT‘DUE 70 SWEEPBACK - cé?/ééwvv

As stated in the beginning of thls rebort, the Iift
of a straight wing in yaw is approximately proportional %o
cos® 1,  Visualizing, as in Betz's artrcle (reference 10),
the two halves of a sweptback wing 1n vaw, as flying inde~
pendently of each other,(jpeir 1ift Jamounts to &g/cos2(r
FY) = ca (cos 1 cos ¥ £ sin "t sin Y)2, Y tbeing the an-

gle of sweepback. Subtraction then glves the 1ift differ-
ence between the two halvés at

p : in 2 in 2V
Aca = 2cg cos T cos ¥ sin T sin Y = cg ST “251n <L a3)

From equations (7) and (13) the additional rolling moment
due to yawiemx caused by the sweepback follows at

ST i : i 'Y . “El o \Jxa/
n%z- °Lp =‘Ca'fln 2T451n A ¢y TY O T (1)

Thig rolling moment due to yawbkw= is dependent upon
Cgp, bdut independent of the aspect ratio. The measured

values amount to about 70 percent of the computed curve,
according to figure 9, ZEvidently the mutuwal interference
of the two halves is here also superimposed on the simple
calculation,

The yawing moment due to yawing of a wing with sweep=-
back is the result of the change of the induced and of the
prrofile drag of the two halves. The difference of the in-
duced drag of one half from the other follows from equation
(10) as for the dihedral. This (equation 10) in conjunc-
tion with (11) and (13) gives the induced yawing momeant of
a wing with sweepback at

cy,? tan ¥ tan Y
c . o=

(15)

This moment therefore changes with ¢,2; it is, in addi-
tion, dependent wupon the[aspect ratio.

For the profile drag of a straizht wing in yaw, the
simple assumption is made that its change is proportional
to the span facing the wind: i.e., cyup ~ cos 1. The pro-
file drag of each half of a wing with sweepback changes
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:accordingly. “For the forward half it amounts to cyp cos
(r = ¥), for the rear half cgp cos (v+ +Y¥), =ziving a
difference after subtraction, of Acyp = 2Cyp sin 1 sin Y.

With equation (7) the yawing moment due to yaw of a wing
with sweepback caused by profile drag becomes:

CNpp = Cwp Sin T sin’V (16)

The yawing moments due to yawing of Blenk's wing with sweep-
back (reference 4) are plotted in figure 10 and compared
with the calculation for cyp = 0.02 and Y = 5, The wide-

ly scattered test points lie, on an average, above this
computed curve.

In the prediction of the induced yawing moment the
aspect ratio enters direct; without being previously exanm-
ined, it was put equal to the total wing. With about the
same Justification, the aspect ratio of the half-wing sup-
posedly flying free without mutual induction (A = 2,5)
may be introduced. The thus-computed cyp values lie in

part above the test points as expected, similarly to the
rolling moments due to yawing of figure 9. Again the
gmallness of the yawing moments and the ensuing inferior
ingstrumental accuracy is to be noted. ‘

Translation by d§. Vanier,
National Advisory Committee
for Aecronautics.
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quatigns Derived for the Prediction of
Forces and Moments in Yaw
Force or moment Approximate calculation | >xperimental

proof

Lateral force

Ce

§
eg? sin:fyp

~ 100 percent

transverse Cgi =t Uy
to wind
Lateral force CX' _ . - 100 bercent
spanwi se Cgp = = Cyp sin T pe
Lateral force 2 ro_ 2 O€a
due to dihedral sy = © T®T 3% 80 percgnt
wl
T T
Rolling moment _ T dcg
due to dihedral | °Lv * T 3 Jg 70 percent
— .
Yawing moment due | . -+ Sa. T ® 9% Not confirmed
to dihedral Nv TN Bo |
gsin 27T sin 2Y
Rolling moment cLp = + Ca —o—mmpoo =
due to sweepback
= cp TV 70 per cent
Yawing moment due c,g2 TtV
to sweepback CNpi = TE N 70 percent

Yawing moment due
to sweepback

CNpp =

Py

~ 80 percent
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a yawed wing.
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wings (zero dihedral).
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Figure 2.- Supplementary lateral force
due to dihedral.
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Figure 8,- Additional yawing-rolling
moments caused by dihedral.
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Figure 6.- Yawing moments due to

yawing of straight
wings (zero dihedral).
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